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Abstract

We offer a new approacd to the multi-robotlocalization
problem. Using an unknown-lit-boundednodelfor sen-
sor error, we are able to definecorvex polytopesin the
configurtion spaceof therobotteamthat representhe set
of configumtionsconsistentvith all sensormeasuements.
Estimatedor the uncertaintyin various parametes of the
teams configuation sut asthe absolutepositionof a sin-
glerobot,or therelativepositionsof two or morenodescan
be obtainedby projectingthis polytopeonto appropriately
chosensubspacesf the configuiation space We propose
a novel approach to approximatingtheseprojectionsusing
linear programmingtecniques.

Theapproad canhandleboth bearingand range mea-
surementswith a computationalcompleity scaling poly-
nomially in the numberof robots. Finally, the workloadis
readily distributed - requiring only the communicatiorof
sensormeasuementdetweerrobots. We provide simula-
tion resultsfor this approad implemente@n a multi-robot
team.

1 Introduction

Localizationis a critical baselevel capability for mo-
bile robots,enablingnumerousothertechnologiesnclud-
ing mapping,manipulation,and target tracking. It is not
surprisingthenthat considerableesearcheffort hasbeen
directedat this problem[1, 2, 3, 4, 5]. Within this realm
of researchthereis a narrowver yet still significantfocus
on coopeativelocalization(CL ) for multi-robotteams.In
this paradigm,groupsof robotscombinesensomeasure-
mentsto improve localizationperformanceThis approach
is motivatedby the fact that robotswithin a teamcanof-
tenidentify oneanothemndcommunicatesensomeasure-
ments,suchasrelative rangeandbearing.

In this paper we offer an alternatve approachto CL .
Conceptuallythe ideais that bearingandrangemeasure-
mentsinducelinear constraintson the configurationspace
of therobotteam.Mergingtheseconstraint$nducesa con-
vex polytopeP on this configurationspacethatrepresents
thesetof all configurationgonsistenwith sensomeasure-
ments.Estimatedor the uncertaintyin variousparameters

of theteams configurationsuchasthe absolutepositionof

asinglerobot,ortherelative positionsof two or morenodes
canbe obtainedby projectingthis polytopeonto appropri-
ately chosernsubspacesf the configurationspace.Unfor-

tunately recovering the exact projectionis quite cumber

some.Thenumberof verticesin P canbe extremelylarge,
anddeterminingthe projection® for a singlerobotcanre-

quire exponentialtime. We proposea novel approachto

approximatingheseprojectionsusinglinear programming
techniques.

2 Redated Work

Our researchrelatesto cooperatie localization tech-
niguesin which sensomeasurementsom multiple robots
areintegratedto estimateuncertaintiesn absoluteor rela-
tive position. RoumeliotisandBekey [4] offereda Kalman
filter basedapproachfor addressingnterdependencieis
uncertainty propagationfor multi-robot localization. In
theirrepresentatiortheuncertaintywasdescribedn m xn
dimensionakpacewherem = 3 correspondetb the posi-
tion andorientation,andn the numberof robots. With the
higherdimensionakpacerepresentationgrosscorrelation
termsweremaintainedn a global statecovariancematrix,
andthe Kalmangain adjustedto accountfor theseduring
future poseupdates.

More recently Howard et al [5] also emplojed a
Bayesianapproachto cooperatie localization. In this
work, a robot maintainedan estimatefor the relative po-
sition of eachof its n — 1 teammatesasa particleset. Inter-
dependencieketweerdistributionswereapproximatedy
maintaininga dependencyreefor eachparticleset. This
assumedhata givenuncertaintydistribution wasonly de-
pendenbnthelastdistribution from which it wasupdated.
Theauthorsnotedthe potentialweaknessesf this approx-
imation, andalso offered alternatve approache$or more
accuratelymaintainingdistribution dependenciesmain-
taining O(n?) particle setseach,or generatinga similar
numberof communicatiorbroadcasts.

However, mostrelatedto our CL approachis work by
Doherty & El Ghaoui[6]. In this, a similar methodre-
lying upon linear and semi-definiteprogramming(SDP)



techniquesvasusedto estimatethe positionsof nodesn a
wirelessnetwork from sensomeasurement&henthe po-
sitionsof someof the nodeswereknown a priori. In con-
trastto our approachthe objective wasnot recoveringthe
position uncertaintyregion, but obtainingpoint estimates
for the nodepositions. This wasaccomplishedy bound-
ing thefeasiblesetwith a rectangle Suchanapproacltcan
yield an arbitrarily bad estimateof the uncertaintyregion.
Our CL approaclaugmentshis work by offeringamethod
torecoverthetrueuncertaintyregionarbitrarilywell. Addi-
tionally, throughtheuseof ourinside-outsid€lO) approxi-
mationtechniquesve areableto obtainatight corvergence
bound.

3 Generating Sensor Constraints

The proposedapproachrelies uponmodelingthe bear
ing andrangemeasurementsbtainedby the robotsaslin-
earconstrainton theconfigurationof therobotteam. This
sectionfocuseson the transformationsequiredto realize
this. It shouldbe notedthat while the methodspresented
belov emphasizeonstraintgeneratiorin R?, they areex-
tendableto R3.

Letz;, z; € R? representhe positionsof robotsi, j rel-
ative to somecommonreferencerame. Again in a slight
aluse of notation,we also let z; denotethe ith robot it-
self. We assumeeachof our n robotsis equippedwith
sensorallowing it to measurebearingandpossiblyrange
to anotherrobot with boundederror. We let a;; andr;;
representhe bearingandrangemeasurementsakenby z;
to z;. We further assumethat eachagentis ableto infer
its orientationd with respectto a specifiedreferencedi-
rectionwith boundederror. This canbe accomplishedn
adistributedfashionvia alocal sensor(e.g. acompasspr
cooperatrely by propagatingrientationuncertaintyacross
coordinateframesasin [7]. No assumptiongre madere-
gardingthe homogeneityf sensoraisedor of thesensors’
performance.
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Figure 1: Bearing(left) and rangemeasurementsn the plane.
Assumingboundederror models,thesedefinetwo andfour con-
straints,respectiely. While bearingmeasurementsanslatedi-
rectly, rangemeasurementsiustbelinearizedover the boundsof
bearinguncertainty

Bearingmeasurementsanslatedirectly into linearcon-

straints. ConsiderFigure 1a. Assumingboundederrorin
bearingmeasurementsy;» definesan uncertaintysector
formedby therays[zi,a12 + dai] and[z1, 12 — da].
Hereda; reflectstheuncertaintyin bothbearingandorien-
tation (#) measurementNote thatthe boundson bearing
erroraresimply inflatedto accounfor uncertaintyin orien-
tation. Denotingan e = @12 + daa, umin = a2 — dag,
the uncertaintyregion is definedby the linear inequality
constraints

(2 — 1) SIN Amin + (Y1 — Y2) COS Umin

0
(ml - $2) sin Qmaz + (y2 - yl) COS Omaz 0

<
<

For rangemeasurementshe procedurds only slightly
morecomplicated We retainthe sametwo inequalitycon-
straintsfor the bearingmeasurementand addtwo addi-
tional constraintsassociatedvith the boundson our rang-
ing error. Theserangeconstraint@reinherentlynon-linear
howeverin mary situationghey canbeadequatelypprox-
imatedby linear inequalities. Assumethat the true range
measurementan be boundedby r,,,;, < r12 < Timaz-
Combiningthis with the bearingconstraintsresultsin an
annularsectorof uncertaintyU, asillustratedin Figurelh.
By choosingtwo linear constraintsorthogonalto ;2 and
supportingto the extremepointsof U, we generatea new
uncertaintyregion U|U c U. Thisis reflectedin Figure?2.
The correspondingonstraintcanthenbewritten as

Figure2: Rangeconstraintsare approximatedusinglinear con-
straintsorthogonalto a2 and supportingto the original uncer
tainty region.
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This boundingvia linear constraintshas the effect of
overestimatinghe original uncertaintyregion. This over-
estimationis a function of the original shapeof U, andis
governedby the following relationship

A~

Area(U)  r2 . tan(da) —r2,; sin(da) cos(da)
Area(U) (r2

mazx

which indicatesthatasda becomedarge or whenr,,,;, ~
Tmaz, OUr OVerapproximatiorcanbecomesignificant.Sev-
eral examplescan be found in Figure 3. However, for
a wide range of measurementshis overapproximation
amountgo only severalpercent.For

—r2 . )da



Figure 3: Approximatingrange-bearingonstraints. The exam-
plesreflectrangeuncertaintiesof +5-10%, with bearinguncer
taintiesof £5-10°. Low rangeandhigh bearinguncertaintiesd-
mit greateroverestimatiorof theuncertaintyregion.

4 TheLocalization Approach

LetC ¢ R(™™) denotethe configurationspaceof our
robotteam. Let £ = [zy,...,x,] € C denotethe current
configurationof the ensemble.Note that Z is simply the
concatenatiomf the positionvectorsof the n robots,and
m € {2,3} denoteghe dimensionof theseposition vec-
tors. With this representationbearingand range sensor
measurementsanbemodeledaslinearconstraint®n z, as
describedn the previous section. By concatenatinghese
constraintsyve obtaina systemof linearinequalitiesof the
form AZ < b, whereA € R*(™") representshe sensor
constraints.

Implicitly, the matrix A inducesa polytopeP C C on
theconfiguratiorspaceof theformationwhich corresponds
to the setof all configurationsconsistentwith the sensor
measurements.

Key to our approachis the conceptof projection. The
projectionr : R(™™) — R¥ s definedas

n(&) = D& (1)

wherethe projectionmatrix D mapsthe configuratiorvec-
tor # from R™™ to R*. Typically the dimensionk will

be relatively small. For our purposeswe areinterestedn
projectionsof theform

—
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which correspondo the positionof z;, andtherelative po-
sitionsof z; andz;, respectiely. Otherusefulprojections
canbeimagined.

This notionof projectioncanbeextendedo describehe

\ Supporting
Hyperplane to P

Figure4: A polytopeP in R® andits R? projectionP (shaded
polygon).P canbeapproximatedy solvingmultiple linearpro-

grammingproblems- eachyielding an extremepoint »* on the

polytopeandits supportinghyperplane.The projectionsof these
correspondo half-spacesn R?. Intersectingthesegenerates

boundingapproximatiorP™ to thetrue projection.

procesof projectingaregion P ontoa k-dimensionakub-
space.

P =T(P) = {n(Z)|Z € P} (4)

TheexactprojectionP canactuallybe obtainedusinggen-
eral algorithmsfor projectinga d dimensionalpolytope
ontoa k dimensionabubspacesuchas[8]. Unfortunately
such approachesun in exponentialtime in the number
of variablesfor the worst case. We offer our own ex-

tremepoint/corvex hull basedapproactwhich exploitslin-

ear programmingtechniquesand offers a similar running
time. However, it alsohasthe very beneficialattribute that
at eachiteration of the algorithm,upperandlower bound
estimatesor thetrue projectionarerecovered. Theseesti-
matesarerefinedafter eachiteration,allowing it to beem-
ployedasanapproximationalgorithmwhich runsin poly-

nomialtime.

5 Approximating the Projection

In outlining the conceptsbehind our approximational-
gorithm, we referto Figure 4. In this example,the poly-
topeP € R? is projectedonto R? generatinghe projec-
tion P (shadedbolygon). For our purposesgeneratinghe
true projection P is computationallytoo expensve. In-
steadour approximatiorapproactchooses searchdirec-
tion andfinds the maximumextent of P in this direction.



This amountgo solvingthelinearprogrammingoproblem
max ¢} & (5)
X
AT <b

wherec; correspondso the searchdirection,andis chosen
parallelto the projectionsubspacéi.e. ¢; € Span(D™)) .

Thesolutionto thislinearprogrammingproblemyieldsa
vertex v € V in directionc; andits supportinghyperplane
H;, whereVCP arethe extremepointsof P. The projec-
tion of H; inducesa half-spaceconstrainton the subspace
underconsideration By repeatingthis procesdor several
searchdirections,we obtainan approximationP+ for the
true projectionby intersectingthesehalf-spaces. This is
denotedby the dashedpolygonin Figure4. Notethat P+
is guaranteedo boundthetrue projectionP.

6 Observationson the Approximation

Recallthat the true projectionP will typically not be
recoveredusing our approachand mustbe approximated
from a limited numberof searche®n P. We can gener
ateanupperboundestimateP* from the projectedhyper
planes.Let YV~ denotethe setof projectedextremepoints
correspondindo differentsolutionsof the linear program-
ming problemin Equation5. Thesearerepresentethy the
grey verticesin Figure5. Similarly let V and V't repre-
sentthe verticesof thetrue projection’” andthe bounding
approximatiorfPt, respectiely.

Figure5: Sethierarchygeneratedhroughprojectionestimates.
P+ andP~ correspondo upperandlower boundsto thetrueset
projectionP.

Note thatV—CV, i.e. the projectedvertices)~ area
subsetof the true projections vertex set)V. This means
we canalso constructa lower bound estimateP— for P
from the corvex hull of V~. This formalizesa sethierar
chy P~ cPcCP* from which we definethe following per
formancemetricsto quantify the closenessf our approxi-
mation.

AP = Area(PT\P") (6)
_ Area(P7)
PR = rea(p™) )

Here AP correspondso theabsoluteifferencein thearea
of thetwo corvex sets,whereaghe performanceatio PR

correspondgo the relative differencein projection area.
Either metric can be usedas a termination criterion on
the numberof searchdirections. Sincewe generataipper
(P*) andlower (P~) boundsof the projectionestimateat
eachiteration,we canthink of thetwo ascorrespondingo
primal-dualproblems,andwhereour AP correspondso
theduality gapof thesolution.

7 Choosing Search Directions

Eachiterationof Equation5 runsin polynomialtime in
the numberof robotsandsensomeasurementsAs a con-
sequencehenumberof searchdirectionsusedto approxi-
mateP shouldbe minimized. A straightforwardapproach
would be to choosea maximumallowable numberof iter-
ations,anduniformly discretizethe searchspace We offer
analternatve maximinapproacHor our AP metric. Suc-
cessve searchdirectionsare choserto maximizethe min-
imum possiblereductionin AP. This will alsoallow us
to characterizehe cornvergenceperformanceor our AP
metric.

7.1 Initialization

Corvergencecharacteristicfor our performancenetrics
will be stronglydependenon the initial estimatedor P+
and P~. Our initialization schemeprovidesthe following
performancdoundsafteronly four searchiterations:

1. A 2-approximatiorfor the performanceatio (PR, =
0.5)

2. APy < Area(P)

Again,letV, vVt V- denotehevertex setsfor P, P+, P,
respectiely. Theinitialization processs thendescribedn
Figure6.

Ourinitial searchdirectionc; € Span(DT) canbecho-
senrandomlywithout affecting the corvergenceanalysis.
The secondsearchdirectionc, is thenchosenoppositeto
c1. As aresult,we areguaranteedo recover two vertices
in the true projectionV. This is reflectedin Figure 6(a-
b). At this point, thesetP, will betheline sggmentvi7z,
andP;" abandformedfrom thetwo projectechyperplanes.
The next two searchdirectionscs, ¢4 arechosenorthogo-
nalto thefeasiblesetP, andwith ¢4 = —c3, asshavnin
Figure6(c-d). Sucha stratgyy essentiallyensureghatthe
firstfour searchesvill recoverfourverticesin V. Thereis a
“degenerate’tasewhereonly threeverticeswill berecov-
ered.This occurswhenonesideof thetrue projectioncor-
respondso asideof P* asdescribedn Figure7. Suchan
occurrencas only possiblefor projectionswherethe ver-
ticesof oneedgearebothminimal andmaximalfor agiven
searcldirection.Regardlessye show thatthecorvergence
boundshold for the degenerateaseaswell.
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Figure6: Initializing P andP~. After 4 searchesP™ = 2P ™.

P P

Figure7: An exampleof a“degenerate’initialization, whereonly
3 verticesof V arerecovered. Corvergenceboundsalsohold for
this case.

Lemma 7.1. After 4 seaches, AT = 2A~ whee AT
and. A~ correspondo Area(P*) and Area(P~), respec-
tively.

Proof. Thereare two cases:the degeneratecase,where
threeprojectionverticesarerecovered(Figure 7), andthe
standardcasedescribedn Figure 6. In the former case,
P~ is denotedby a triangleinscribedwithin the parallel-
ogram?P™. Sincethe baseof the triangle must coincide
with one of the sidesof the parallelogramthe latter must
have exactly twice its area. In the standardcase we have
a quadrilateralP~ inscribedwithin a parallelogranP+.

However, referringto Figure 6d we seethat the line seg-

mentsoi vz, vy vy, v vl areparallel,andthestandarctase
reducesto two subproblemsequialentto the degenerate
case. O

Lemma 7.1 provides our 2-approximationbound for
PR, and since our set hierarchy is governed by
P~ CPCPT, we alsoobtainour boundfor AP. Thisis a
significantlybetterresultthanif aboundingrectanglevere
recovered,which canprovide an arbitrarily badinitializa-
tion.

7.2 Choosing Subsequent Search Directions

Referringto Figures6 and 7, we seethat after initial-
ization, the setAP = P+ \ P~ will correspondo dis-
joint triangularregions. The searchstratgy continuesby
consideringeachtriangle thatforms AP. In Figure 8(a),
this would correspondo the 4 trianglesABE, ADH, BCF
and CDG. Eachof thesecan be thoughtof asa prospec-

tive searchregion whereP is poorly defined. Our search
strat@y thenproceedsasfollows:

1. Determinethe prospectie searchregion of greatest
area.

2. Choosea searchdirection ¢t normal to the corre-
spondingedgeof P~

3. Solve Equation5 with ¢ = ¢*.
4. Refineestimateor P+ andP~ accordingly

Theis illustratedin Figure8. Using sucha strateyy al-
lows usto boundthe numberof searchesiecessaryo re-
coverP asafunctionof the numberof its verticesV .

Figure8: Generatingprojectionapproximations:afterinitializa-
tion, subsequensearchdirectionsexplore the largestdisjoint re-
gionwheretheprojectionis poorlydefined(a-b),andP* andP~
areupdatedaccordingly(c).

Lemma 7.2. By choosingseach directionsnormalto the
edgesof search regions,all of theverticesY of the projec-
tion P canberecoveredin at most2|)| seaches.

Proof. Referringto Figure9, thereare four possibleout-
comesfrom exploring a searchregion. In eachsearchwe
will either:

a. Locatea new vertex in V, andas a consequence-
creasdghenumberof searchregionsby one

b. Locateanew vertexin V, while maintainingthenum-
berof searchsearctregions.

c. Locatea vertex alreadyin V—, while eliminatingthe
searctregion.

d. Locatea new vertex in ) alreadyin V*, while elimi-
natingthe searchregion.

Sincewe canonly discover |V| vertices,we cancreateno
more than |V| additional searchregions - eachof which
will subsequentlye eliminatedwith a singlesearchfor a
maximumof 2|V| searches. O

This is of significance asit shavs that our approachs
deterministicandwill not createan unboundechumberof



Figure9: The possibleoutcomedrom exploring a searchregion

betweenP™ andP~. At mostone additionalsearchregion is

addedas a consequencef locating a new vertex in the actual
projectionP, orthesearchregionisitself eliminated.Thisbounds
thenumberof searchesiecessaryo recoser P to 2|V)|.

verticesin approximatingP. At ary giventime in the ap-
proximationalgorithm, |[V*| < 2|V| < 2|V~ |. Unfortu-
nately |V| cangrow exponentiallywith thenumberof con-
straintsand problemdimension. This meansthat recov-
ering all of the verticesof P is typically not an attractve
option. However, we cancharacterizehe performanceof
this searchstratgy againstoothour PR and AP approxi-
mationmetrics.

Lemma 7.3. Let ABE € P+ \ P~ representa seach

region whee P is poorly defined. Choosinga seach di-

rectionnormalto edge AB will increaseP~ anddecrease
P+ sotheareaof seach region ABEwill bereducecby at

leasta factor of 4.

Proof. Referringto Figure 10, searchingnormalto edge
AB will yield projectionsof an extremepoint and hyper

planeparallelto AB. The new projectedextreme point
F mustlie somavherein ABE. F thencorrespondso a
(potentiallynew) vertex in V~, andthe intersectiorof the
projectedhyperplanawith the edgesggmentsAE and BE
correspondso new verticesin V*. TheregionsABH and
EGI thencorrespondo areasthat will be addedto P~

andremovedfrom P+, respectiely. Recallour definition
of AP andletting hy = h — hy we obtain

AP = P, —P;H
h2
h

Pt ——AB(h hy) — P} ——AB

Differentiatingthis with respecto h; andsettingequal
to zero,we seethatthe expressionis maximizedor hy =
hay = %h, whichwill provide worstcasecorvergence.The
remainingareaof the original AB E which remainscanbe

determinedasfollows:

Areanew ABE — ABH — EGI
Areagq - ABE
b(h1 + ha) — b(hs) — (h1+h2) (h1)
- b(hy + o)
hihs 1
= a+h)? i

Figure 10: By projectingnormalto the edgein P~, we create
two disjointregions ABH and EGI. Thesewill beaddedo and
subtractedrom P~ and P, respectiely. The net resultwill
reducethe searclregion areaA BE by atleastafactorof 4.

By usingthisratioin concerwith theboundsestablished
at initialization - and always choosingthe largestsearch
region at eachsearchiteration - we can characterizehe
convergencerateof our approachFor our A P metric,we
obtainthefollowing result:

Lemma 7.4. Theproposedseach algorithm corvergesin
theworstcaseat arateof 1/s* whele s denoteshenumber
of seach iterations.

Proof. Letting A denoteArea(P), afterinitialization we
have:

APy = Area(PF\P,) < A (8)
wherein the worst casethis areais distributedamongst4
disjoint searchregions. After searchinghese4 regions-
regardlesof order- we obtain

APy <% ©

by Lemma7.3. Thisremainingareawill now bedistributed
acrossup to 8 searchregionsin accordancavith Lemma
7.2.Thus,in theworstcasethenumberof regionssearched
doublesn orderto reducetheareaby afactorof four. From
this, for s > 4 we obtaintherelation

A 164 164 164

AP, < 4k—2 = P = 2k9k (10)
wherek = [log, s|. Notingthat2U°g2 s/ > £, weobtain
64A
AP, < 25 =0( v (11)
O



Thus,givena normalizedtolerancefor AP, we cande-
terminethe worst casenumberof searchiterations; to re-
duceit to a desiredvalue AP;. A normalizedlog-plot of
theworstcasecorvergenceaateasafunctionof thenumber
of searchterationsis at Figure11.

Normalized A P Worst Case Convergence

APIAPA

Number Searches

Figure1ll: Worstcasecorvergenceof AP versusthe numberof
searchiterations.

Whatis mostsignificantaboutthis resultis thatthe con-
vergencerateholdsregardlessof thenumberof robots,sen-
sor measuementspr constaints! Thus,thecompleity of
the approachwill only scalein accordancevith thelinear
programmingportionof thealgorithm.

We have obtainedsimilar corvergenceresultsfor our
PR metric. However, including thesewould exceedthe
pagerequirementsor this documentAs a summaryof the
results,we will achiese PR levels of 0.85,0.9, 0.95,and
0.99within 8,12,15and30iterations respectiely.

8 Simulation Results

We implementeda bearings-onljlocalizationsimulator
asa proof-of-concepfor our approachFor the sale of ex-
pedieng, we assumedhe sensorso be homogeneou&l-
thoughthis is not required).We furtherassumedhateach
robot was capableof measuringthe bearingto its neigh-
bor in a commonreferenceframe with a toleranceof +5
degrees.The actualerrormodelusedin corruptingsensor
measurementw/as a uniform distribution over this same
range.

Numeroussimulationswere run with formation sizes
rangingfrom 5-20 agents.In eachof these we contrasted
the performanceof our searchapproachvs. a uniformly
discretizedsearchtechnique.Resultsfrom a samplesimu-
lation with 12 agentscanbefoundin Figures12-13.

Here, the common localization frame is relative to
the referencerobot. Since we are localizing to a scale
(bearings-only)a secondrobot’s z coordinatewaschosen
to representheformationscale.Thus,althoughtherewere
12 robotsthe optimizationwasconstrainedo 21 variables.
Additionally, thesensorangewasconstrainedgothatonly

/
¥
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Figure12: Localizationof a robot formation. The true position
of eachagents reflectedby thecircle. Thesurroundingpolygons
reflectthe uncertaintyregion for eachrobot’s position. The star
reflectsthe centroidof this polygon,which canbe usedasa point
estimatefor robotpositionif necessary

a robotsimmediateneighborswere visible. As a result,
multiple frame (and as a result uncertainty)transforma-
tionswerenecessarfrom thereferencdrameto thedistant
edgesof the formation. As expected,the uncertaintyre-

gionsboundthe actualposition(blue circle) of eachrobot,

and grow dramaticallywith the numberof frame trans-
forms from the reference/scaleobots. The centroid of

theseuncertaintyregions (red star) can be usedas point

estimategor robotpositionsif required.

reference scale
o ©
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Figurel13: Localizationof the sameformationrelative to analter
natereferencdrame. While localizationto a commonreference
framemayberequiredfor ateamlevel task,individualrobotsmay
bemoreinterestedn positionestimate®f theirimmediateneigh-
borsfor local tasks.The choiceof which positionsto recover can
bedecidedattherobotlevel.

The only differencebetweenFigures12-13is the ref-
erenceframe from which the estimateswere recovered.
We do this to emphasizehe flexibility of our approach.
For a teamlevel task, it may be necessaryor eachrobot
to localize relative to a commonreferenceframe (i.e. a
teamleader). In this event, the robotswould communi-
catetheir sensomeasurementsndividually estimateheir
own relative position, and communicatetheseas neces-
sary Corversely arobotmayonly beinterestedn recov-
eringpositionestimateselative to its ownreferencdrame.



The motivation for this is illustratedin Figure 13. Posi-
tion uncertaintyregionsgrow significantlywith thenumber
of frametransformationgalthoughpoint estimatesemain
quite good), and may be of little interestfor local tasks.
The decisionasto which positionestimatego recover can
be decidedattherobotlevel.

We shouldalsoemphasizehatthe choiceof which ref-
erenceframeto recover to is transparento our algorithm.
Relativesensomeasuremengreused andnoframetrans-
formationsare required. Only the equality constraintsof
thereferencdrameareaffected(e.g. z; = 0,y; = 0).

The correspondinglots of our AP and PR metricsas
a function of the numberof searchiterationsareat Figure
14. Thesereflectthe meanvaluesfor the 10 free robots,
andclearlyshavstheadwantageof our searclstratey over
a uniform-searchtechnique. While the former achievesa
90% PR after7 searchterations thelatterfails to achieve
thislevel of performancefter 15 searchterations.

PR vs. Resolutior

Figure14: AP and PR metricsversussearchterations,clearly
shaving the adwantageof our searchstratgy over a uniform
search.

9 Discussion and Conclusions

To date, our resultsare primarily from static localiza-
tion. We ervision theseresultsreadily extendingto dy-
namic operations. Recall that the position estimate?*
for eachrobotis formedthroughthe intersectionof con-
straintsin R™. Theseconstraintscan be propagatedis-
ing a boundeduncertaintymotion model. Sinceinterde-
pendenciesirehandledby our boundederrormodel,these
propagatectonstraintscan be directly merged with those
generatedrom currentsensoimeasurementsSucha filter
would propagatea limited constraintsetat eachtime step,
andasaconsequencein with acomputationatomplexity
similarto the staticcase.

Our localization approachoffers several desirablefea-
turesin the context of multi-robotoperationsit offersper
formanceguaranteeby providing anexactuncertaintyrep-
resentatiorguaranteedo containtherobots’ positions.In-
terdependencieis sensor/positiorestimatesarealsohan-
dledin a very principled way as a resultof emplgying a
boundederror sensomodel. Robotsneedonly communi-
catesetsof linear constraintderived from measurements

or from projectionoperations.Individual robotscan esti-
mateparameter®f interestthroughprojectionsonto rele-
vantsubspaces.

Unlike ExtendedKalmanfilter basedapproachesthere
are no linearizing assumptiongnd as a consequencen-
certainty estimateswill not be dependentiponthe order
in which the measurementare combined. It also elimi-
natesthe needfor approximatinginterdependencieasin
[5]. This comesat a cost, as our projectionprocedures
more involved than Kalman filter updates. Nonetheless,
from empirical evidencein [6] for a similar LP problem,
we expecttheapproacho runin realtime for large (100+)
robotformations.We will be contrastingheseapproaches
moreformally in the nearfuture.
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