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Abstract
We offer a new approach to themulti-robot localization

problem. Using an unknown-but-boundedmodelfor sen-
sor error, we are able to defineconvex polytopesin the
configurationspaceof therobotteamthat representtheset
of configurationsconsistentwith all sensormeasurements.
Estimatesfor theuncertaintyin variousparameters of the
team’sconfigurationsuch astheabsolutepositionof a sin-
glerobot,or therelativepositionsof twoor morenodescan
beobtainedby projectingthis polytopeontoappropriately
chosensubspacesof the configuration space. We propose
a novelapproach to approximatingtheseprojectionsusing
linear programmingtechniques.

Theapproach canhandlebothbearingandrange mea-
surementswith a computationalcomplexity scaling poly-
nomially in thenumberof robots.Finally, theworkloadis
readily distributed- requiring only the communicationof
sensormeasurementsbetweenrobots. We providesimula-
tion resultsfor thisapproach implementedona multi-robot
team.

1 Introduction
Localization is a critical baselevel capability for mo-

bile robots,enablingnumerousothertechnologiesinclud-
ing mapping,manipulation,and target tracking. It is not
surprisingthen that considerableresearcheffort hasbeen
directedat this problem[1, 2, 3, 4, 5]. Within this realm
of research,thereis a narrower yet still significantfocus
on cooperativelocalization(CL ) for multi-robotteams.In
this paradigm,groupsof robotscombinesensormeasure-
mentsto improvelocalizationperformance.This approach
is motivatedby the fact that robotswithin a teamcanof-
tenidentify oneanotherandcommunicatesensormeasure-
ments,suchasrelative rangeandbearing.

In this paper, we offer an alternative approachto CL .
Conceptually, the ideais that bearingandrangemeasure-
mentsinducelinearconstraintson theconfigurationspace
of therobotteam.Mergingtheseconstraintsinducesacon-
vex polytope � on this configurationspacethat represents
thesetof all configurationsconsistentwith sensormeasure-
ments.Estimatesfor theuncertaintyin variousparameters

of theteam’sconfigurationsuchastheabsolutepositionof
asinglerobot,or therelativepositionsof twoormorenodes
canbeobtainedby projectingthis polytopeontoappropri-
atelychosensubspacesof theconfigurationspace.Unfor-
tunately, recovering the exact projectionis quite cumber-
some.Thenumberof verticesin P canbeextremelylarge,
anddeterminingtheprojection� for a singlerobotcanre-
quire exponentialtime. We proposea novel approachto
approximatingtheseprojectionsusinglinearprogramming
techniques.

2 Related Work
Our researchrelatesto cooperative localization tech-

niquesin whichsensormeasurementsfrom multiple robots
areintegratedto estimateuncertaintiesin absoluteor rela-
tiveposition.RoumeliotisandBekey [4] offereda Kalman
filter basedapproachfor addressinginterdependenciesin
uncertaintypropagationfor multi-robot localization. In
theirrepresentation,theuncertaintywasdescribedin �����
dimensionalspace,where�
	�� correspondedto theposi-
tion andorientation,and � thenumberof robots.With the
higherdimensionalspacerepresentation,crosscorrelation
termsweremaintainedin a globalstatecovariancematrix,
andthe Kalmangain adjustedto accountfor theseduring
futureposeupdates.

More recently, Howard et al [5] also employed a
Bayesianapproachto cooperative localization. In this
work, a robot maintainedan estimatefor the relative po-
sitionof eachof its ��
�� teammatesasaparticleset.Inter-
dependenciesbetweendistributionswereapproximatedby
maintaininga dependencytree for eachparticleset. This
assumedthata givenuncertaintydistribution wasonly de-
pendenton thelastdistribution from which it wasupdated.
Theauthorsnotedthepotentialweaknessesof thisapprox-
imation, andalsoofferedalternative approachesfor more
accuratelymaintainingdistribution dependencies:main-
taining ��������� particle setseach,or generatinga similar
numberof communicationbroadcasts.

However, most relatedto our CL approachis work by
Doherty & El Ghaoui [6]. In this, a similar methodre-
lying upon linear and semi-definiteprogramming(SDP)



techniqueswasusedto estimatethepositionsof nodesin a
wirelessnetwork from sensormeasurementswhenthepo-
sitionsof someof thenodeswereknown a priori . In con-
trastto our approach,theobjective wasnot recoveringthe
position uncertaintyregion, but obtainingpoint estimates
for the nodepositions.This wasaccomplishedby bound-
ing thefeasiblesetwith a rectangle.Suchanapproachcan
yield anarbitrarily badestimateof theuncertaintyregion.
OurCL approachaugmentsthiswork by offeringamethod
to recoverthetrueuncertaintyregionarbitrarilywell. Addi-
tionally, throughtheuseof ourinside-outside(IO) approxi-
mationtechniquesweareableto obtainatight convergence
bound.

3 Generating Sensor Constraints
The proposedapproachreliesuponmodelingthe bear-

ing andrangemeasurementsobtainedby therobotsaslin-
earconstraintson theconfigurationof therobotteam.This
sectionfocuseson the transformationsrequiredto realize
this. It shouldbe notedthat while the methodspresented
below emphasizeconstraintgenerationin ��� , they areex-
tendableto ��� .

Let ��� �!�#"�$%��� representthepositionsof robots&'�)( rel-
ative to somecommonreferenceframe. Again in a slight
abuseof notation,we also let � � denotethe & th robot it-
self. We assumeeachof our � robots is equippedwith
sensorsallowing it to measurebearingandpossiblyrange
to anotherrobot with boundederror. We let * �+" and , �-"
representthebearingandrangemeasurementstakenby � �
to � " . We further assumethat eachagentis able to infer
its orientation . with respectto a specifiedreferencedi-
rectionwith boundederror. This canbe accomplishedin
a distributedfashionvia a local sensor(e.g. a compass)or
cooperativelyby propagatingorientationuncertaintyacross
coordinateframesasin [7]. No assumptionsaremadere-
gardingthehomogeneityof sensorsusedor of thesensors’
performance.

Figure 1: Bearing(left) and rangemeasurementson the plane.
Assumingboundederrormodels,thesedefinetwo andfour con-
straints,respectively. While bearingmeasurementstranslatedi-
rectly, rangemeasurementsmustbelinearizedover theboundsof
bearinguncertainty.

Bearingmeasurementstranslatedirectly into linearcon-

straints. ConsiderFigure1a. Assumingboundederror in
bearingmeasurements,*0/ � definesan uncertaintysector
formedby the rays 1 �2/3�'*�/ �5476 *�/98 and 1 �2/3�'*�/ � 
 6 *�/98 .
Here 6 *0/ reflectstheuncertaintyin bothbearingandorien-
tation �:.;� measurements.Note that theboundson bearing
erroraresimplyinflatedto accountfor uncertaintyin orien-
tation. Denoting *=<?>9@�	A*�/ �B4C6 *�/3�!*D< �FE 	A*0/ � 
 6 *0/ ,
the uncertaintyregion is definedby the linear inequality
constraints

��� � 
G� / �#H!IKJ�* < �KE 4 �:L / 
GL � �#MON;HP* < �FE Q R�:� / 
S� � �#H!IFJ�* <?>9@ 4 �:L � 
SL / �#MON;HP* <T>O@ Q R
For rangemeasurements,the procedureis only slightly

morecomplicated.We retainthesametwo inequalitycon-
straintsfor the bearingmeasurements,andaddtwo addi-
tional constraintsassociatedwith the boundson our rang-
ing error. Theserangeconstraintsareinherentlynon-linear,
howeverin many situationsthey canbeadequatelyapprox-
imatedby linear inequalities. Assumethat the true range
measurementcan be boundedby ,U< �KE QV,W/ � QX,U<?>9@ .
Combiningthis with the bearingconstraintsresultsin an
annularsectorof uncertaintyY , asillustratedin Figure1b.
By choosingtwo linear constraintsorthogonalto * / � and
supportingto theextremepointsof Y , we generatea new
uncertaintyregion ZY\[ Y^]_ZY . This is reflectedin Figure2.
Thecorrespondingconstraintscanthenbewrittenas

Figure2: Rangeconstraintsareapproximatedusing linear con-
straintsorthogonalto `Dacb andsupportingto the original uncer-
tainty region.

��� � 
G�d/U�#MeNfHP*0/ �B4 ��L � 
SLg/O�#H!IKJ�*0/ � Q ,�<T>O@���d/T
G� � �#MeNfHP*0/ �B4 ��L;/h
SL � �#H!IKJ�*0/ � Q ,�< �FE MON;H 6 *�/
This boundingvia linear constraintshas the effect of

overestimatingthe original uncertaintyregion. This over-
estimationis a function of the original shapeof Y , andis
governedby thefollowing relationshipi ,3jWkd��ZYl�i ,3jWkd�mYn� 	 ,3�<T>O@�o'p Jq� 6 *D�0
S,3�< �FE H!IKJq� 6 *��#MeNfH�� 6 *D��:, �<T>O@ 
S, �< �KE � 6 *
which indicatesthatas 6 * becomeslargeor when ,�< �KEsr,U<?>9@ , ouroverapproximationcanbecomesignificant.Sev-
eral examplescan be found in Figure 3. However, for
a wide range of measurementsthis overapproximation
amountsto only severalpercent.For
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Figure3: Approximatingrange-bearingconstraints.The exam-
plesreflect rangeuncertaintiesof t?u - vxwWy , with bearinguncer-
taintiesof t?u - v9w�z . Low rangeandhigh bearinguncertaintiesad-
mit greateroverestimationof theuncertaintyregion.

4 The Localization Approach
Let {^]
�h| <~} E�� denotethe configurationspaceof our

robot team. Let ���	V1 � / �U�K�F�K�!��Eg8�$�{ denotethe current
configurationof the ensemble.Note that �� is simply the
concatenationof the positionvectorsof the � robots,and��$��W�P�!�#� denotesthe dimensionof thesepositionvec-
tors. With this representation,bearingand rangesensor
measurementscanbemodeledaslinearconstraintson �� , as
describedin the previoussection.By concatenatingthese
constraints,weobtaina systemof linearinequalitiesof the
form �C��CQ�� , where

i $��D�m��| <�} E�� representsthesensor
constraints.

Implicitly, the matrix � inducesa polytope ��]�{ on
theconfigurationspaceof theformationwhichcorresponds
to the setof all configurationsconsistentwith the sensor
measurements.

Key to our approachis the conceptof projection. The
projection�G���h| <~} E���� �0� is definedas

������d��	����� (1)

wheretheprojectionmatrix � mapstheconfigurationvec-
tor �� from � <�} E to �0� . Typically the dimension � will
be relatively small. For our purposes,we areinterestedin
projectionsof theform

���'�U��d��	 ��� (2)���+";�U��d��	 ����
G�#" (3)

which correspondto thepositionof ��� , andtherelativepo-
sitionsof ��� and �#" , respectively. Otherusefulprojections
canbeimagined.

Thisnotionof projectioncanbeextendedto describethe

Figure4: A polytopeP in �D� and its � b projection � (shaded
polygon). � canbeapproximatedby solvingmultiple linearpro-
grammingproblems- eachyielding an extremepoint  f¡ on the
polytopeandits supportinghyperplane.Theprojectionsof these
correspondto half-spacesin � b . Intersectingthesegeneratesa
boundingapproximation��¢ to thetrueprojection.

processof projectinga region P ontoa � -dimensionalsub-
space.

��	¤£������B	A�U������d�U[c��¥$%�¦� (4)

Theexactprojection� canactuallybeobtainedusinggen-
eral algorithmsfor projecting a 6 dimensionalpolytope
ontoa � dimensionalsubspace,suchas[8]. Unfortunately,
such approachesrun in exponential time in the number
of variablesfor the worst case. We offer our own ex-
tremepoint/convex hull basedapproachwhichexploits lin-
earprogrammingtechniquesandoffers a similar running
time. However, it alsohasthevery beneficialattributethat
at eachiterationof the algorithm,upperandlower bound
estimatesfor thetrueprojectionarerecovered.Theseesti-
matesarerefinedaftereachiteration,allowing it to beem-
ployedasanapproximationalgorithmwhich runsin poly-
nomialtime.

5 Approximating the Projection

In outlining the conceptsbehindour approximational-
gorithm, we refer to Figure4. In this example,the poly-
tope ��$7��� is projectedonto ��� generatingthe projec-
tion � (shadedpolygon).For our purposes,generatingthe
true projection � is computationallytoo expensive. In-
stead,our approximationapproachchoosesa searchdirec-
tion andfinds the maximumextent of � in this direction.



This amountsto solvingthelinearprogrammingproblem§ p�¨©@«ª ¬� �� (5)

����­Q®�
where ª � correspondsto thesearchdirection,andis chosen
parallelto theprojectionsubspace(i.e. ª � $s¯d°�k;���c� ¬ � ) .

Thesolutionto thislinearprogrammingproblemyieldsa
vertex ±P²� $s³ in direction ª � andits supportinghyperplane´ � , where ³~] � aretheextremepointsof � . Theprojec-
tion of

´ � inducesa half-spaceconstrainton thesubspace
underconsideration.By repeatingthis processfor several
searchdirections,we obtainan approximation�lµ for the
true projectionby intersectingthesehalf-spaces.This is
denotedby thedashedpolygonin Figure4. Note that �lµ
is guaranteedto boundthetrueprojection� .

6 Observations on the Approximation
Recall that the true projection � will typically not be

recoveredusingour approach,andmustbe approximated
from a limited numberof searcheson P. We can gener-
ateanupperboundestimate�lµ from theprojectedhyper-
planes.Let ³�¶ denotethesetof projectedextremepoints
correspondingto differentsolutionsof thelinearprogram-
ming problemin Equation5. Thesearerepresentedby the
grey verticesin Figure 5. Similarly let ³ and ³Bµ repre-
senttheverticesof thetrueprojection� andthebounding
approximation� µ , respectively.

Figure5: Sethierarchygeneratedthroughprojectionestimates.� ¢ and �¸· correspondto upperandlowerboundsto thetrueset
projection� .

Note that ³�¶¹] ³ , i.e. the projectedvertices ³�¶ are a
subsetof the true projection’s vertex set ³ . This means
we can also constructa lower boundestimate�\¶ for �
from the convex hull of ³�¶ . This formalizesa sethierar-
chy � ¶ ] �º] � µ from which we definethefollowing per-
formancemetricsto quantifytheclosenessof our approxi-
mation. »

� 	 i ,WjWkd�¼� µ�½ � ¶ � (6)¾n¿ 	 i ,WjWkd�¼�\¶��i ,WjWkd�¼� µ � (7)

Here

»
� correspondsto theabsolutedifferencein thearea

of thetwo convex sets,whereastheperformanceratio
¾n¿

correspondsto the relative differencein projection area.
Either metric can be usedas a terminationcriterion on
thenumberof searchdirections.Sincewe generateupper
( �lµ ) andlower ( �\¶ ) boundsof theprojectionestimateat
eachiteration,we canthink of thetwo ascorrespondingto
primal-dualproblems,andwhereour

»
� correspondsto

thedualitygapof thesolution.

7 Choosing Search Directions
Eachiterationof Equation5 runsin polynomialtime in

thenumberof robotsandsensormeasurements.As a con-
sequence,thenumberof searchdirectionsusedto approxi-
mate� shouldbeminimized. A straightforwardapproach
would be to choosea maximumallowablenumberof iter-
ations,anduniformly discretizethesearchspace.We offer
analternative maximinapproachfor our

»
� metric. Suc-

cessive searchdirectionsarechosento maximizethemin-
imum possiblereductionin

»
� . This will alsoallow us

to characterizethe convergenceperformancefor our

»
�

metric.

7.1 Initialization

Convergencecharacteristicsfor ourperformancemetrics
will bestronglydependenton the initial estimatesfor

¾ µ
and

¾ ¶ . Our initialization schemeprovidesthe following
performanceboundsafteronly four searchiterations:

1. A 2-approximationfor theperformanceratio � ¾n¿�À 	RP�-Á��
2.

»
� À Q i ,3jWk��:���

Again,let ³��'³hµB�'³�¶ denotethevertex setsfor �º�Â�lµB�Â�\¶ ,
respectively. Theinitialization processis thendescribedin
Figure6.

Our initial searchdirection ª /¸$s¯d°�k;���c� ¬ � canbecho-
senrandomlywithout affecting the convergenceanalysis.
The secondsearchdirection ª � is thenchosenoppositeto

ª / . As a result,we areguaranteedto recover two vertices
in the true projection ³ . This is reflectedin Figure 6(a-
b). At this point, theset � ¶� will betheline segment± / ± � ,
and� µ� abandformedfrom thetwo projectedhyperplanes.
The next two searchdirections ª � � ª À arechosenorthogo-
nal to thefeasibleset � ¶� andwith ª À 	�
 ª � , asshown in
Figure6(c-d). Sucha strategy essentiallyensuresthat the
first four searcheswill recoverfour verticesin ³ . Thereis a
“degenerate”casewhereonly threeverticeswill berecov-
ered.This occurswhenonesideof thetrueprojectioncor-
respondsto a sideof �lµ asdescribedin Figure7. Suchan
occurrenceis only possiblefor projectionswherethe ver-
ticesof oneedgearebothminimalandmaximalfor agiven
searchdirection.Regardless,weshow thattheconvergence
boundshold for thedegeneratecaseaswell.



Figure6: Initializing ��¢ and � · . After 4 searches,��¢ÄÃÆÅO� · .

Figure7: An exampleof a“degenerate”initialization,whereonly
3 verticesof Ç arerecovered.Convergenceboundsalsohold for
this case.

Lemma 7.1. After 4 searches, È�µÉ	Ê��È�¶ where È�µ
and È\¶ correspondto

i ,3jWk��:�lµ¹� and
i ,WjWkd�¼�\¶�� , respec-

tively.

Proof. Thereare two cases: the degeneratecase,where
threeprojectionverticesarerecovered(Figure7), andthe
standardcasedescribedin Figure 6. In the former case,� ¶ is denotedby a triangle inscribedwithin the parallel-
ogram �lµ . Sincethe baseof the triangle must coincide
with oneof the sidesof the parallelogram,the lattermust
have exactly twice its area. In the standardcase,we have
a quadrilateral�\¶ inscribedwithin a parallelogram�lµ .
However, referring to Figure6d we seethat the line seg-
ments± / ± � � ± µ/ ± µ� � ± µ� ± µÀ areparallel,andthestandardcase
reducesto two subproblemsequivalent to the degenerate
case.

Lemma 7.1 provides our 2-approximationbound for¾n¿
, and since our set hierarchy is governed by� ¶ ] �º] � µ , we alsoobtainour boundfor

» ¾
. This is a

significantlybetterresultthanif aboundingrectanglewere
recovered,which canprovide an arbitrarily badinitializa-
tion.

7.2 Choosing Subsequent Search Directions

Referringto Figures6 and 7, we seethat after initial-
ization, the set

»
�Ë	Ì�lµ ½ �\¶ will correspondto dis-

joint triangularregions. The searchstrategy continuesby
consideringeachtriangle that forms

»
� . In Figure8(a),

this would correspondto the4 trianglesABE, ADH, BCF
andCDG. Eachof thesecanbe thoughtof asa prospec-

tive searchregion where � is poorly defined. Our search
strategy thenproceedsasfollows:

1. Determinethe prospective searchregion of greatest
area.

2. Choosea searchdirection ª Í normal to the corre-
spondingedgeof �\¶ .

3. SolveEquation5 with ª 	 ª Í .

4. Refineestimatesfor �lµ and �\¶ accordingly.

The is illustratedin Figure8. Using sucha strategy al-
lows us to boundthe numberof searchesnecessaryto re-
cover � asa functionof thenumberof its vertices³ .

Figure8: Generatingprojectionapproximations:after initializa-
tion, subsequentsearchdirectionsexplore the largestdisjoint re-
gionwheretheprojectionis poorlydefined(a-b),and ��¢ and � ·
areupdatedaccordingly(c).

Lemma 7.2. By choosingsearch directionsnormal to the
edgesof search regions,all of thevertices³ of theprojec-
tion � canberecoveredin at most ��[ ³¸[ searches.

Proof. Referringto Figure9, thereare four possibleout-
comesfrom exploring a searchregion. In eachsearchwe
will either:

a. Locatea new vertex in ³ , andasa consequencein-
creasethenumberof searchregionsby one

b. Locateanew vertex in ³ , while maintainingthenum-
berof searchsearchregions.

c. Locatea vertex alreadyin ³�¶ , while eliminatingthe
searchregion.

d. Locatea new vertex in ³ alreadyin ³hµ , while elimi-
natingthesearchregion.

Sincewe canonly discover [ ³5[ vertices,we cancreateno
more than [ ³5[ additionalsearchregions - eachof which
will subsequentlybeeliminatedwith a singlesearch,for a
maximumof �Î[ ³¸[ searches.

This is of significance,asit shows that our approachis
deterministicandwill not createanunboundednumberof



Figure9: Thepossibleoutcomesfrom exploring a searchregion
between� ¢ and � · . At most oneadditionalsearchregion is
addedas a consequenceof locating a new vertex in the actual
projection� , or thesearchregionis itselfeliminated.Thisbounds
thenumberof searchesnecessaryto recover � to Å�Ï ÇBÏ .
verticesin approximating� . At any giventime in theap-
proximationalgorithm, [ ³hµ�[BQÐ�Î[ ³5[hQ
��[ ³�¶h[ . Unfortu-
nately, [ ³5[ cangrow exponentiallywith thenumberof con-
straintsand problemdimension. This meansthat recov-
ering all of the verticesof � is typically not an attractive
option. However, we cancharacterizethe performanceof
this searchstrategy againstbothour

¾n¿
and

»
� approxi-

mationmetrics.

Lemma 7.3. Let
i�ÑlÒ $Ó�lµ ½ �\¶ representa search

region where � is poorly defined. Choosinga search di-
rectionnormalto edge

i�Ñ
will increase�\¶ anddecrease� µ sotheareaof search regionABEwill bereducedbyat

leasta factorof 4.

Proof. Referringto Figure 10, searchingnormal to edgei~Ñ
will yield projectionsof an extremepoint andhyper-

planeparallel to
i�Ñ

. The new projectedextremepointÔ
mustlie somewherein

i~ÑlÒ
.

Ô
thencorrespondsto a

(potentiallynew) vertex in ³�¶ , andthe intersectionof the
projectedhyperplanewith theedgesegments

i~Ò
and

ÑlÒ
correspondsto new verticesin ³Bµ . Theregions

i~Ñ ´
andÒlÕnÖ

then correspondto areasthat will be addedto � ¶
andremovedfrom �lµ , respectively. Recallour definition
of

»
� andletting ×d/?	�×º
Ø× � we obtain»
� � µ /Ù	 � µ� µ / 
S� ¶� µ /

	 � µ� 
 �� i�Ñ �c×º
Ø× / �D
S� ¶� 
 �� i�Ñ × � /×
Differentiatingthis with respectto ×d/ andsettingequal

to zero,we seethat the expressionis maximizedfor ×d/¦	× � 	 /� × , which will provideworstcaseconvergence.The
remainingareaof theoriginal

i�ÑlÒ
which remainscanbe

determinedasfollows:i ,3jWk E�ÚÜÛi ,WjWk#Ý �KÞ 	 i~ÑlÒ 
 i�Ñ ´ 
 Ò�ÕnÖi~ÑlÒ
	 �3�m×�/ 4 × � ��
ß�3�c× � �0
 àmá3â| á â µ á�ã � �m×�/e�

���c×d/ 4 × � �	 × / × ��m×�/ 4 × � � � Q �ä

Figure10: By projectingnormal to the edgein �¸· , we create
two disjoint regions åhæ~ç and è~éBê . Thesewill beaddedto and
subtractedfrom � · and ��¢ , respectively. The net result will
reducethesearchregionareaåBæ�è by at leasta factorof 4.

By usingthisratioin concertwith theboundsestablished
at initialization - and always choosingthe largestsearch
region at eachsearchiteration - we can characterizethe
convergencerateof our approach.For our

» ¾
metric,we

obtainthefollowing result:

Lemma 7.4. Theproposedsearch algorithmconvergesin
theworstcaseat a rateof �Wë�ì � where ì denotesthenumber
of search iterations.

Proof. Letting È denote
i ,3j�kd�:��� , after initialization we

have:
»

� À 	 i ,3jWk��:� µÀ ½ � ¶À �BQíÈ (8)

wherein the worst casethis areais distributedamongst4
disjoint searchregions. After searchingthese4 regions-
regardlessof order- we obtain»

�?î¸Q È ä (9)

by Lemma7.3.Thisremainingareawill now bedistributed
acrossup to 8 searchregions in accordancewith Lemma
7.2.Thus,in theworstcasethenumberof regionssearched
doublesin orderto reducetheareaby afactorof four. From
this, for ì�ï ä

we obtaintherelation»
�?ð�Q Èä ��¶d� 	 ��ñ�Èä � 	 ��ñ�È� �x� 	 �Uñ�È� � � � (10)

where �\	óò¼ôFN�õ � ìOö . Noting that �2÷+ø ù!ú ã ðÜû�ü ð� , weobtain»
�?ð�Q ñ ä Èì � 	���� �ì � � È (11)



Thus,givena normalizedtolerancefor

»
� , we cande-

terminetheworstcasenumberof searchiterations( to re-
duceit to a desiredvalue

»
� " . A normalizedlog-plot of

theworstcaseconvergencerateasafunctionof thenumber
of searchiterationsis at Figure11.
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Figure11: Worstcaseconvergenceof ý~� versusthenumberof
searchiterations.

Whatis mostsignificantaboutthis resultis thatthecon-
vergencerateholdsregardlessof thenumberof robots,sen-
sor measurements,or constraints! Thus,thecomplexity of
the approachwill only scalein accordancewith the linear
programmingportionof thealgorithm.

We have obtainedsimilar convergenceresultsfor our¾n¿
metric. However, including thesewould exceedthe

pagerequirementsfor thisdocument.As asummaryof the
results,we will achieve

¾n¿
levels of 0.85,0.9, 0.95,and

0.99within 8,12,15,and30 iterations,respectively.

8 Simulation Results
We implementeda bearings-onlylocalizationsimulator

asa proof-of-conceptfor ourapproach.For thesake of ex-
pediency, we assumedthesensorsto behomogeneous(al-
thoughthis is not required).We furtherassumedthateach
robot was capableof measuringthe bearingto its neigh-
bor in a commonreferenceframewith a toleranceof þ¸Á
degrees.Theactualerrormodelusedin corruptingsensor
measurementswas a uniform distribution over this same
range.

Numeroussimulationswere run with formation sizes
rangingfrom 5-20agents.In eachof these,we contrasted
the performanceof our searchapproachvs. a uniformly
discretizedsearchtechnique.Resultsfrom a samplesimu-
lationwith 12 agentscanbefoundin Figures12-13.

Here, the common localization frame is relative to
the referencerobot. Since we are localizing to a scale
(bearings-only),a secondrobot’s � coordinatewaschosen
to representtheformationscale.Thus,althoughtherewere
12 robotstheoptimizationwasconstrainedto 21variables.
Additionally, thesensorrangewasconstrainedsothatonly

reference scale 

Figure12: Localizationof a robot formation. The true position
of eachagentis reflectedby thecircle. Thesurroundingpolygons
reflectthe uncertaintyregion for eachrobot’s position. The star
reflectsthecentroidof this polygon,whichcanbeusedasa point
estimatefor robotpositionif necessary.

a robots immediateneighborswere visible. As a result,
multiple frame (and as a result uncertainty)transforma-
tionswerenecessaryfrom thereferenceframeto thedistant
edgesof the formation. As expected,the uncertaintyre-
gionsboundtheactualposition(bluecircle) of eachrobot,
and grow dramaticallywith the numberof frame trans-
forms from the reference/scalerobots. The centroid of
theseuncertaintyregions (red star) can be usedas point
estimatesfor robotpositionsif required.

reference scale 

Figure13: Localizationof thesameformationrelativeto analter-
natereferenceframe. While localizationto a commonreference
framemayberequiredfor ateamlevel task,individualrobotsmay
bemoreinterestedin positionestimatesof their immediateneigh-
borsfor local tasks.Thechoiceof which positionsto recover can
bedecidedat therobotlevel.

The only differencebetweenFigures12-13 is the ref-
erenceframe from which the estimateswere recovered.
We do this to emphasizethe flexibility of our approach.
For a teamlevel task, it may be necessaryfor eachrobot
to localize relative to a commonreferenceframe (i.e. a
teamleader). In this event, the robotswould communi-
catetheir sensormeasurements,individually estimatetheir
own relative position, and communicatetheseas neces-
sary. Conversely, a robotmayonly be interestedin recov-
eringpositionestimatesrelativeto its ownreferenceframe.



The motivation for this is illustratedin Figure 13. Posi-
tion uncertaintyregionsgrow significantlywith thenumber
of frametransformations(althoughpoint estimatesremain
quite good), and may be of little interestfor local tasks.
Thedecisionasto which positionestimatesto recovercan
bedecidedat therobotlevel.

We shouldalsoemphasizethat thechoiceof which ref-
erenceframeto recover to is transparentto our algorithm.
Relativesensormeasurementsareused,andnoframetrans-
formationsarerequired. Only the equalityconstraintsof
thereferenceframeareaffected(e.g. � � 	�RP� L � 	�R ).

Thecorrespondingplotsof our

» ¾
and

¾n¿
metricsas

a functionof thenumberof searchiterationsareat Figure
14. Thesereflect the meanvaluesfor the 10 free robots,
andclearlyshowstheadvantageof oursearchstrategy over
a uniform-searchtechnique.While the former achievesa
90ÿ ¾n¿

after7 searchiterations,thelatterfails to achieve
this level of performanceafter15 searchiterations.
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Figure14: ý�� and ��� metricsversussearchiterations,clearly
showing the advantageof our searchstrategy over a uniform
search.

9 Discussion and Conclusions
To date,our resultsare primarily from static localiza-

tion. We envision theseresultsreadily extendingto dy-
namic operations. Recall that the position estimate�lµ
for eachrobot is formed throughthe intersectionof con-
straintsin � < . Theseconstraintscan be propagatedus-
ing a boundeduncertaintymotion model. Sinceinterde-
pendenciesarehandledby our boundederrormodel,these
propagatedconstraintscanbe directly mergedwith those
generatedfrom currentsensormeasurements.Sucha filter
would propagatea limited constraintsetat eachtime step,
andasaconsequencerunwith acomputationalcomplexity
similar to thestaticcase.

Our localizationapproachoffers several desirablefea-
turesin thecontext of multi-robotoperations.It offersper-
formanceguaranteesbyprovidinganexactuncertaintyrep-
resentationguaranteedto containtherobots’positions.In-
terdependenciesin sensor/positionestimatesarealsohan-
dled in a very principled way asa result of employing a
boundederrorsensormodel. Robotsneedonly communi-
catesetsof linear constraintsderived from measurements

or from projectionoperations.Individual robotscanesti-
mateparametersof interestthroughprojectionsonto rele-
vantsubspaces.

Unlike ExtendedKalmanfilter basedapproaches,there
areno linearizingassumptionsandasa consequenceun-
certaintyestimateswill not be dependentupon the order
in which the measurementsare combined. It also elimi-
natesthe needfor approximatinginterdependenciesas in
[5]. This comesat a cost,asour projectionprocedureis
more involved than Kalman filter updates. Nonetheless,
from empiricalevidencein [6] for a similar LP problem,
weexpecttheapproachto run in realtime for large(100+)
robotformations.We will becontrastingtheseapproaches
moreformally in thenearfuture.
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